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Abstract. For the minimal graph with strict convex level sets, we find an auxiliary 
function to study the Gaussian curvature of the level sets. We prove that this curvature 
function is a concave function with respect to the height of the minimal surface while 
this auxiliary function is almost sharp when the minimal surface is the Catenoid. 



1. Introduction 

In this paper, for minimal graph with strictly convex level sets, we shall explore the 
relation of its Gaussian curvature of the level sets and the height of the function. 

The convexity of the level sets of the solutions of elliptic partial differential equations 
has been studied for a long time. For instance Alfhors [Ij contains the well-known result 
that level curves of Green function on simply connected convex domain in the plane are 
the convex Jordan curves. In 1956, Shiffman [26] studied the minimal annulus in whose 
boundary consists of two closed convex curves in parallel planes Pi,P2, he proved that 
the intersection of the surface with any parallel plane P, between Pi and is a convex 
Jordan curve. In 1957, Gabriel |10j proved that the level sets of the Green function on a 
3-dimensional bounded convex domain are strictly convex, Lewis [15] extended Gabriel's 
result to p-harmonic functions in higher dimensions. Makar-Limanov [22] and Brascamp- 
Lieb [4J got the beautiful results on the Poisson equation and first eigenfunction with 
Dirichlet boundary value problem on bounded convex domain. Caffarelli-Spruck [7] gen- 
eralized the Lewis [15] results to a class of semilinear elliptic partial differential equations. 
Motivated by the result of Caffarelli- Friedman [5j, Korevaar [13] gave a new proof on the 
results of Gabriel and Lewis ([lOj. [15j ) using the deformation process and the constant 
rank theorem of the second fundamental form of the convex level sets of p-harmonic func- 
tion. A survey of this subject is given by Kawohl [13j . For more recent related extensions, 
please see the papers by Bianchini-Longinetti-Salani [3] and Bian-Guan-Ma-Xu p|. 



Research of the first author was supported by NSF of Shandong Province No.Q2008A08 and the youth 
foundation of QFNU. 
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Now we turn to the curvature estimates of the level sets of the solutions of elliptic 
partial differential equations. For 2-dimensional harmonic function and minimal surfaces 
with convex level curves, Ortel-Schneider [23], Longinetti [16] and |17j proved that the 
curvature of the level curves attains its minimum on the boundary (see Talenti [27j for 
related results). Longinetti also studied the precisely relation between the curvature of 
the convex level curves and the height of minimal graph in [T7] . Jost-Ma-Ou [12] and Ma- 
Ye-Ye [20] proved that the Gaussian curvature and the principal curvature of the convex 
level sets of three dimensional harmonic functions attains its minimum on the boundary. 
Recently, Ma-Ou-Zhang [19] got the Gaussian curvature estimates of the convex level sets 
on high dimension harmonic function with the Gaussian curvature of the boundary and 
the norm of the gradient on the boundary, Ma-Zhang [21] also found the concavity of 
Gaussian curvature of the level sets of harmonic functions with respect to the height. Also 
recently, Wang-Zhang [28] got the Gaussian curvature estimates of the convex level sets 
of minimal surface, Poisson equations and a class of semilinear elliptic partial differential 
equations which have been studied by Caffarelli-Spruck [7]. 

In this paper, utilizing the support function of the strictly convex level sets and the 
maximum principle, we obtain the concavity of the Gaussian curvature of the convex level 
sets of minimal graph with respect to the height of the minimal graph. 

Now we state our main theorems. 

Theorem 1.1. Let Q be a bounded smooth domain in M", n > 2 and u G (7^(0) R 
(7^(0), to ^ u{x) < ti be a p-harmonic function in Cl, i.e. 

(1.1) div(-=Z^) = o in n. 

Assume |Vn| ^ in Q. Let 

Tt = {x £ Q\u{x) = t} for to < t < ti, 
and K be the Gaussian curvature of the level sets. For 

fit) = min{[(-^^)^K]^(x)|x e ra, 

1 -|- I Vnp 

If the level sets of u are strictly convex with respect to normal Vn, we have the following 
differential inequality: 

D^f{t)<0, %n {to,ti). 

Under the same assumption in Theorem II. H Wang-Zhang [28j proved the following 
statement: for n > 2, the function ( i^vLp ^^'^ attains its minimum on the boundary, 
where = —\ or 9 > from this fact they got the lower bound estimates for the 

Gaussian curvature of the level sets. 
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Now we give a corollary. 
Corollary 1.1. Let u satisfy 

(1-2) S u = on d^Q, 

u = 1 on d^i, 

where Qq and Jli are bounded smooth convex domains in W^,n > 2, Oi c fio- Assume 
\Vu\ ^ in and the level sets of u are strictly convex with respect to normal Vu. Let 
K he the Gaussian curvature of the level sets. For any point x G Fj, < t < 1, we have 
the following estimates. 

Case 1: for n = 3, we have 

(1.3) 



K{x)^ > {1-t) (min K)^ + t (min K) i . 



Case 2: for n ^ 3, we have 



(1.4) 



1 + |Vn|2 



) — K 



1 

n-1 



\x) 



> (1 — t) min 
~ ^ ' dQ.0 



1 + |V^x|2 



, n — 3 

) — K 



1 

n-1 



+ 1 min 



dQi [^1 + iV-up 



, II — o 

) — K 



1 

n-1 



Now we give an example to show our estimates are almost sharp in some sense. 
Remark 1.2. Let u{r, 6){r > 2) be the n— dimensional catenoid, i.e. 



(1.5) 

Then 
(1.6) 



u{r, e) = j 



\Vu\ 



1 



ds. 



and the Gaussian curvature of the level set at x is 

K{x) = r^-". 

Hence, 
(1.7) 



n-3 , 1 



„2-n 



l + |Vn|2' 

For n = 2, it is easily to see that our estimate is sharp. Now we turn to the case n > 2. 
Denote by 



R 



J —oo 



=ds. 



Then we have 



4 



PEI-HE WANG 



(1.8) -u + R= I -ds+ / ^[1 ]ds 



oo 



Vl - S-2(«-l)" 



(1.9) =i_±.r2-n ^ 0(^4-3n) 



/i means that 

(1.10) = (-1)"(2 - n)(i? - t) + 0(r") 

which shows the "almost sharpness" of our estimate in the higher dimensional cases. 

To prove these theorems, let K be the Gaussian curvature of the convex level sets, and 
let if = logi^(x) + p(|Vnp). For suitable choice of p and (3 we shall show the following 
elliptic differential inequality: 

(1.11) L{e^'^) < mod Vq^ m n, 

where L is the elliptic operator associated with the equation we discussed and here we 
have suppressed the terms involving V0ip{See the notations below) with locally bounded 
coefficients, then we apply the strong minimum principle to obtain the main results. 

In Section 2, we first give brief definitions on the support function of the level sets, 
then obtain the equation of minimal graph in terms of support function. We prove the 
Theorem 11.11 in Section 3 by the formal calculations. The main technique in the proof 
of these theorems consists of rearranging the second and third derivative terms using the 
equation and the first derivative condition for if. The key idea is the Pogorelov's method 
in a priori estimates for fully nonlinear elliptic equations. 

Acknowledgment: Both the named authors would like to thank Prof. X. Ma for 
useful discussions on this subject. 

2. Notations and preliminaries 

Firstly, we start by introducing some basic concepts and notations. Let J^o and $7i be 
two bounded smooth open convex subsets of M" such that Cli C $lo and Ist = r^oV^^i- 
Let ti : — 7- M be a smooth function with \Du\ > in Q and its level sets are strictly 
convex with respect to the normal direction Du. 

For simplicity reasons, we will assume that 

u = on OQq, u = 1 on dQi. 

For < t < 1, we set 

fit = {x G flo : u > t}; 
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note that, throughout this paper, we systematically extend u = 1 in ili. Then every x £ Q 
belongs to the boundary of (lu{x) ■ 

Under these assumptions, it is then possible to define a function 

: R" X [0, 1] ^ R 

as follows: for each t G [0, 1], H{-,t) is the support function of the convex body Of, i.e. 

H{X,t) = H^^{X) yX G R", t G [0,1]. 

We call H the support function of u. For more details, see [I8j . 

The rest of this section is devoted to derive the minimal graph by means of support 
function. Before doing this, we should reformulate first and second derivatives of u in 
support function h which is the restriction of H{-,t) to the unit sphere S"~^, see [U [18] . 
But for convenience of the reader, we report the main steps here. 

Recall that /lis the restriction ofi? to S""ix[0, 1], soh{9,t) = H{Y{e),t) = h^^{Y{e)), t G 
[0, 1]. Since the level sets of u are strictly convex and it is well defined the map 

x{X,t)=x^^{X), 

which to every {X,t) G R"\{0} x (0, 1) assigns the unique point x G on the level surface 
{u = t} where the gradient of u is parallel to X (and orientation reversed). 
Let 

T- — 

so that {Ti, • • • ,Tn-i} is a tangent frame field on S""^, and let 

x{9,t) = xa^{Y{0)y, 

we denote its inverse map by 

u : (xi,--- ,x„) {9i,--- ,6^-1, t). 

Notice that all these maps {h, x and v) depend on the considered function u (like H), even 
if we do not adopt any explicit notation to stress this fact. 

For h{9, t) = {x{6, t),Y{6)), since Y is orthogonal to dflt at x{6, t), deriving the previous 
equation we obtain 

hi = {x,Ti). 

In order to simplify some computations, we can also assume that Oi,--- ,9n-i,Y is an 
orthonormal frame positively oriented. Hence, from the previous two equalities, we have 

X = hY + hiTi, 
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and 

— _ -Oiji ax X, 

where the summation index runs from 1 to n — 1 if no extra explanation, and 6ij is the 
standard Kronecker symbol. Following [8], we obtain at the considered point x, 



dt 
dx 

The inverse of the above Jacobian matrix is 



of. -^Tj + J2hijTi, j = l,---,n-l. 



dt 

a = !,■■■ ,n; 



dXa 

(2.1) Qg. 

= X] ^'^ ~ ^htjY]a, a = 1, • • • , n, 



(2-2) hj = {—, — ) = hSi, + 



where denotes the z-coordinate of the vector in the bracket and ¥^ denotes the inverse 
tensor of the second fundamental form 

dx dY ^ 

of the level surface dQt at x{6,t). The eigenvalue of the tensor 6*-^ are the principal 
curvatures ki, • • • , k^-i of dQt at x{6, t) (see [25]). 
The first equation of ()2.ip can be rewritten as 

Y 

Du=-, 
ht 

where the left hand side is computed at x(9,t) while the right hand side is computed at 
{0,t), it follows that 

\Du\ = --3- 
ht 

By chain rule and ()2.ip . the second derivatives of u in terms of h can be computed as 

(2.3) u^^ = Y,[-ht^huY + h^^Ti]^b'^Tj - K^htjY]^ - h;^hu[YUY]p, 

for a, /3 = 1, ■ ■ ■ ,n. 

So the minimal graph equation, div( , ^" ) = 0, reads under this new coordinates 

(2.4) htt = ^[(1 + h^t)Sij + huhtjW^ 



CONCAVITY OF GAUSSIAN CURVATURE OF LEVEL SETS 7 
and the associated linear elliptic operator is 

(2.5) L = E [(1 + + ^'."'J'-'^'as^ - 2 E ^'fi"sm + 

Now we recall the well-known commutation formulas for the covariant derivatives of a 
smooth function u G (7^(5""). 

(2.6) Uijk - Uikj = -UkSij + Uj5ik, 

(2-7) Uijki — Uijik = UikSji — UiiSjk + UkjSii — uijSik, 

they will be used during the calculations in the next section. By the definition of bij and 
the above commutation formulas, we can easily get the following Codazzi's type formula 

(2-8) bij^k = bik,j ■ 

3. Gauss curvature of the level sets of minimal graph 



We first state the following lemma from |17j . then we prove Theorem ll.il 
For a continuous function f{t) on [0, 1] we define its generalized second order derivative 
at any point t in (0, 1) as 

n2,,,, f{t + h) + f{t-h)-2f{t) 
D jit) = hmsup -5 . 

Let B be the quotient set B = M"/27rZ" and \et Q = B x (0, 1). Let G{e,t) be a regular 
function in Q such that 

^iG{e,t))>0 for {9, t)eQ, 
where ^ is an elliptic operator of the form 

^ de^d9i ^ dQidt ^ dt^ ^ dOi 

with regular coefficients a*-' , 6* , . 
lemma 3.1. (See |17j; Set 

^{t) =max{G(0,t)|0 G B]. 
Then (f){t) satisfies the following differential equality: 

D^(l}{t) > 0. 

Moreover, (p{t) is a convex function with respect to t. 
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Since the level sets of u are strictly convex with respect to the normal Du, the matrix 
of second fundamental form is positive definite in Vt. Set 

'f = p{hl)-\ogK{x), 

where K = det(6'-^) is the Gaussian curvature of the level sets and p{t) is a smooth function 
defined on (0, +00). For suitable choice of p and /3, we will derive the following differential 
inequality 

(3.1) L(e^'^) < mod V^v? in 17, 



where the elliptic operator L is given in (j2.5p and we have modified the terms involving 
V5i(/9 with locally bounded coefficients. Then by applying a maximum principle argument 
in Lemma |3.H we can obtain the desired result. 

In order to prove (jS.ip at an arbitrary point Xq G 12, we may assume the matrix (bij{xo)) 
is diagonal by rotating the coordinate system suitably. From now on, all the calculation 
will be done at the fixed point Xq- In the following, we shall prove the theorem in three 
steps. 

Stepl: we first compute L{ip). 
Taking first derivative of we get 

(3.2) ^ = 2p'hthtj + ^b''%i,j , 

k,l 



(3.3) ^ = 2p'hthu + Y,b''%i,t. 



k,l 



Taking derivative of equation (j3.2p and (jS.Sh once more, we have 



klji 



o2 

(2p' + 4p"hl)huhu + 2p'hthtu - b^"brs,ib'%i,t + J2 ^''^^ki,u , 



k,i,r,s k,l 

= {2p' + 4p"hf)hl + 2p'hthttt - b'''brs,ybu,t + Y^'%i,tt • 

k Ai k^l 
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So 
(3.4) 



={2p' + Ap"hl) 
+ 2p'ht 



'kLt 



^[(1 + hl)6,j + htihtjW'V^huhtj - 2 ^ hlU'htt + h 

id i 

^[(1 + hl)6,, + huhtjWV^ht.i - 2 ^ huV%ti + hut 
- b^'^b'' ^[{1 + hl)5,j + htihtjWV^buM,] - 2 htib'%i,ibM,t + b 

k,l i,j i 

+ Yb''''L{bkk) 

k 

= Il+l2 + h + h- 

In the rest of this section, we will deal with the four terms above respectively. For the 
term /i, by recalling our equation, i.e. 



(3.5) 



we have by recalling that (6'-') is diagonal at xq 



h={2p' + 4p"hl) 



(3.6) 



-{2p' + ¥'h'^ 



J][(l + hl)6ij + huhtj]b''l^^huhtj - 2 Y hlb'%u + h 
(l + h'^)Y{huby+(Yhlb''-hu 



--{2(1 + V'/i?)(l + h\) Yihubn' + i2p' + 4p"hl)il + hlfa 



where ai = 6" is the mean curvature. 

Now we treat the term I2. Differentiating (j3.5|) with respect to t, we have 

(3.7) hut = 2hthttai + 2 ^ htt^htJb'^ " + + htihtjW'b^^hj^f 



By inserting ()3.7p into I2, we can get 



h = 2p'ht 
= 2p'ht 



^[(1 + h^i)5ij + htihtjW^^htji -2Y,ht^V'htu + h 
^[(1 + hf)6ij + htihtj]U'V\htji - hj^t) + 2hthttai 
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Recalling the definition of the second fundamental form, i.e. ()2.2p . together with the 
equation (j3.5p . we obtain 



(3.8) 



h = 2p'ht ^[(1 + hl)5^j + huhtj\b''V\-ht5ij) + 2hthuai 

i i 

i 

Combining ([32]) and ([SlSl) . 



h + l2 = ip'h^ai^hlV' + 



(3.9) 



Ap'hl{l + h^,) + {2p' + Ap"hj){l + h 



2\2 
t) 



-I 



+ 



{2p' + Ap"h',){l + h^,)-2p'h^ 



In order to deal with the last two terms, we shall compute L{bkk) in advance. In this 
process, the index k is not summed. By differentiate (13. 5p twice with respect to 6k, we 
have 

httkk = ^[{l + hl)5ij + huhtj]kkb'^ + 2 ^ [(1 + h^t)6ij + huhtjU-bHpg^kb'^^) 
+ E [{^ + h^)^ij + htihtj]{2b'''brs,kb'npg^kb''^) 

(3.10) ij,p,q,r,s 

= J1 + J2 + J3 + -h- 
For the term Ji, we have 

Ji = 'Y^(2hthtk6ij + htikhtj + huhtjk)kb^^ 

= 2hl^ai + 2hthtkk(Ti + 2 ^ hikkhtib'' + 2 ^ hl^b''. 



Noticing that 



htik — hkit — bki,t — htSki, 
htikk = hikkt = bik,kt — hkt^ik = bkk,it — hktSik, 



CONCAVITY OF GAUSSIAN CURVATURE OF LEVEL SETS 

hence we obtain 

Ji = + 2htbkk,t<7i - 2hfai + 2 bkk,ithib^^ 

(3.11) 

- 2hlb>^'' + 2 bli/' - ^htb,k,tb'' + 2h^b'^'. 
I 

For the term J2, we have 

J2 = 2'Y{2hthtk6ij + hpikhtj + huhtjk)i-b''''bij^kV^) 

(3 12) = - ^'^thk ~^Y^ hukhtjb''V^bij^k 

i id 

= - Ahthtk Y{bybu,k - 4 ^ hub'%HkiM,t + ^ht ^ htjb''''bi^bkk,j. 

i i,l j 

Also we have 

(3.13) J3 = 2 J^[(l + h^,)6ij + huhtjW'V^bHki,ibki,j- 

Applying the commutation rule 

bij,ki — bij^ik = bjkSii — bjiSik + hkSji — buSjk, 
for the term J4, we have 

J4 = - ^[(1 + hl)6ij + htihtjpy^bij^kk 

(3.14) 

= - Yii'^ + ht)6ij + huhtj]b''b'^{bkk,ij + bij - bkk^ij)- 
On the other hand, 

(3.15) httkk = hkktt = bkk,tt - htt = bkk,tt - ^[{^ + ht)Sij + htihtj]UK 

By putting (I3.11|) - (l3.15p into (I3.10p . recalling the definition of operator L, we obtain 
L{bkk) = + + ^tihtjW^ + 2hf^ai + 2htbkk,t(ri - 2hjai 

- 2hlb^'' + 2 ^ bli^,b'' - 4htb'^%k,t + 2hy^ - Ahthtk Y.{bn\,,k 

I i 

- 4 ^ htib''bHki,ibki,t + 2 ^[(1 + hl)5ij + htihtj\U'V^bHkiMd 

i,l i,j,l 

+ Aht htib^%Hkk,i - ^[(1 + hl)5ij + htihtjpV^ {bij - bkkSij). 
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+ [(n - 1)(1 + /i?) + )2 + 2^1 /il 6- + (n - 3) ^(/i^.b^ 



ii\2 



By substituting (j3.9p and (j3.16p in (|3.4p . we obtain 
(3.17) 

+ 2/iiai ^ b''%k,t - 4ht ^{b''''fbkk,t + (2 + V/i2)ai 5^ 



+ 



+ 



(n - 1)(1 + /it) + 2/1^^ - 2p'hf{l + /i: 



ii\2 



Ap'htil + hi) + {2p' + 4//i,^)(l + /it^)^ - 2ht 



{2p' + 4//it')(l + h^) - 2p'hi + (n - 3) 



ii\2 



Step 2: In this step we shall calculate L{e^^) and deal with the third order derivatives 
involving bkk,t- 
Noticed that 



L{e^^) =f3e^^{L{^) + /3ipl} + /S^e^"^ Yl + ^t)Sp<i + htpht,]bV 



dip dip 

WiWj 



j,- dip dip 
M~dt' 



To reach p.ip . we only need to prove 



L{ip) + /3v9f > mod Vgif 



and we now come to compute (3p^. 
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By (|3.3p . we have 
(3.18) 

= ^{p'fh'.hl + Ap'hthtt b''%k,t + (Yl b'''hk,t? 

k k 

i i 

+ + h\)ar Y b''%k,t + ¥hiY hlb^iY b''hk,t) + (J] b''%k,tf 

Jointing p.l7p with ()3.18p . we regroup the terms in L{ip) + /3{p^ as follows 

where 



Y,htih''b''hkk,^-2htb^^ 



■ ib'%k,t), 



Pa =(1 + h^t) E(^")'^''^"^iM + E huhtjb^'V^b''%k,b''%k,j 

i,k,l i,j,k 



+ 



+ 



+ 



+ 



2 + 4p'h^t+8/3{p'rhf{l + hf 



0-1 



(n-l)(l + /i,^)+2/i,^-2A'(l + ^' 



,2\2 



(2p' + Ap"hf){l + /i,^) - 2p'/i,^ + (n - 3) 



M\2 



In the rest of this step, we will deal with the term P2. Let = b^^bkk,t 
1, 2, • • • , n — 1). Then P2 can be rewritten as 

P2{Xi,X2,--- = ^X| + /3(^Xfc)2 + 2^c,.Xfc, 



where 



Cfc = [1 + 2/3/5'(l + + 2Pp'ht{Y hlbn - ^ huV'b^hkk,i - 2htb''\ 
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Denote V2 the matrix 



/ 1 + /? 

/3 1 + /3 



/3 



V /5 /3 ••• 1 + /3 / 
In a word, we want to bound P2{Xi^X2, • • • , ^n-i) from below, thus the semi-definitive 
of 1^2 is necessary and this requires 

1 



/3> 



71 — 1 



For convenience. Let us choose the degenerate case, i.e. /3 = — By setting r 
- ,1), the null eigenvector of matrix V2, we then have by (j3.2p 



P2(l, 1, • • • , 1) = 2 ^ cfc = 2[n - 3 - 2p'(l + hj)]htai - 2 ^ huU' 



which suggests that the simple selection should be p{t) = log(l + 1). 

From now on, let us fix p{t) = ^^^^ log(l + 1) and (3 = — ^j^- But for simplicity, we do 
not always substitute for the values of p and /3. 

By straightforward computation, we have 

J]('xfe+/3j^Xi+Cfc] =P2{Xi,X2r-- ,Xn-i) + Y,cl+P2{Ve^), 

k ^ i k 

where 

i k j i 

Putting p and /3 into some terms in c^, we derive that 
2 . 2 



Ck 



htai - ^—^p'ht{Y^ hlh'') - hub''b''%k,i - 2/^^6*^^ 



n — 1 n 
therefore, joint with (13. 2p . 

P2(Xi,X2,-- - >-^c|-P2(Ve(^) 

4 

+ - 

n 



^-^ n — 1 n — 1 
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where 



n — 1 



Observing that Pi > 0, hence 
(3.19) 

Li^) + > (1 + hi) J2ibnWbl^, - 4h hub'^b^'fb.k,: 



+ 



+ 



2 + 4A? + 8/3(p')'/i?(l + ^?) 



n — 1 



'1,2 



0-1 



• ii\2 



+ 



V/i?(l + hj) + [{2p' + ^p"hl) + Afiip'fhj] (1 + 
{2p' + Ap"hj){l + hl)-2p'hl + {n-l) 



n — 1 

Y,{hub''? + P2{Vev)- 



a 



In the next step we will concentrate on the following two terms 

i? = (1 + h^) Y.in^b'^'bXi^, - 4ht ^ hub'\b^^fbuk,i. 

i,k,l i,k 

Step 3: Let us complete the proof of (j3.ip . 
Recalling our first order condition (j3.2p . we have 

(3.20) = ^-Yl ^''''^kkj - 2p'hthtj, for i = 1, 2, • • • , n - 1. 

^ k>2 

For the term R, we have 



P =(1 + 



(1 + hi 



^(6-)25fcA.^«52^_^ + ^(^«)2^^fcfc^^^^^)2 -4Y,hthub'\b'"'fbkk,^ 



i k^l 



i,k 



i,k 



A:>2 



i,k>2 



i k,l>2 
k^l 



+ Y,{b''fib'%,,,f + E E(^")'(^''^'^'^.*)' - 4E 

j i k>2 



i fc>2 
i?l + R2 + -R3, 
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where 



R, = (1 + /^?) 2Y,{b'')Wbl^, + Y,ibn\b'%i,? -AY,hthub^\b''fbu„ 

k>2 i i 

i?2 = 2 ^ (1 + hlKb^b'^W,,^^ + E E (1 + hlWfb^'hHl 

i,k>2 i k,l>2 

k^l 

^3 = E E(l + hJW?{b^Huk,i? -^Y.Y1 hthub'Kb>^''fbkk,, 



^klA^ 



i k>2 

By ([CT]) . one has 



i k>2 



Ri = {1 + hi 



26" Yl b''b'^''bHkkM,^ + ^p'htb^^ E hubH''%,,i + Sip'fh^b^'^hlb'' 



i,k,l>2 



i,k>2 



+ E E ibyb^'bHkkMi + "^P'ht E E hu{byb''%k,^ + ^{p'fhl Y.{hub 

i k,l>2 i k>2 i 

+ E E hub''b''b''bkk,i + Sp'h^b'' h'ub'' + Ri'^o'p), 



i>2 
ii\2 



i k>2 



where 



R{Vev) = (1 + hi 



E ^''(^)' - 4^'' E b^'bHu^k^ - 8p'h,b'' Y b^'htk^f 

k>2 ^ k,l>2 ^ k>2 



+ E(^'')'(|^)' - 2 E E(^^^)'^''^^'^-^i^ - ^p'ht Y.(b^'?h 



dip 



- Ahtb'^Y.b^'^t 

i 

On the other hand, 



i k>2 



dtp 



dip 



R2 = {l + hl) 



2611 ^(^fcfc)3^2^^^ + 2 E (b''fb''H^^bl^i + 2 E b''{b^^fb 



Ik 



k>2 



i,k>2 
i^k 



i,k>2 
i^k 



+E E rfb'HHi, 



i k,l>2 
k^l,k^i,l^i 



Recall that 2p'(l + /i^) =n — 3 which will be denoted by a for simplicity in the following 
calculations. Now we are at a stage to rewrite the terms in i? in a natural way: (Ti) the 
terms involving bkk,i{k > 2); (T2) the terms involving bkkiik,i > 2); (T^) all of the rest 
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terms. More precisely, 

k>2 ^k>2 ^ 

+ ^hthnh^\\ + h\r\ + f - 6116'='=) • ((1 + hDh^H'^H^^^^), 
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fe>2 



and 



j>2 ^fe>2 ^ k>2 



k>2 
k^i 



+ Y{bH''%k,if + "^hthuV'd + hjr^ Y.\^-hiib^^ + f + (1 + o^)huh'^] ■ {b''b''%k,i) 



k>2 

and the rest terms 



k>2 



2aH'' ^ hlb'^ + a" Y^ihub^'f + 4a6" ^ ^6* 



i>2 



+ + 



klA 



i,k>2 
iy^k 



i k,l>2 
kj^l,kj^i,l^i 



We shall maximize the terms Ti and T2 via Lemma 13.21 for different choice of parameters. 

At first let us examine the term Ti. set = (1 + h^)^b^^b''^bkk,i, = !> A* = 
htib^^ht{l + h1)-\, bk = l + 2biib^^ and Ck = bub^'' - (1 + f ) where k > 2. By Lemma 
we have 

T,>-4hf{l + hl)-Hhab''fr,, 



where 



bk 

k>2 ^ k>2 

Next we shall simplify Fi. By denoting 



k>2 



^k = T- 



1 

bk 



we have 



bub' 



kk 



1 1 

Wk~2' 



Ck 



1 3 + a 

Wk~^^' 
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Hence, 



1 3 + a, 



k>2 



-y- 



k>2 



■ k>2 



1 3 + 



k>2 ^ 



"^(n + l + a)2 (3 + a)2 



+ 



since 



1< 1 + ^/3^ <n-l, 



k>2 



it follows that 



1 (n + l + a)2 (3 + a 



+ 



4 /3. 4(n - 1) 

-f^(2 + a)2 + i(2ai6n-2). 
4(n — Ij 4 



Therefore, 
(3.21) 



(n-2) 
n — 1 



(2 + a)2 + 2fTi6ii - 2 



Now we will deal with term T2. For every i > 2 fixed, set = b^^b''^bkk,i, A = l+26jj6^-'^ 
= + bk = l + 2h^b^^ {k / i),b^ = 1 and Cfc = bub^'' - - (1 + a)biib^^ 

By Lemma |3.2| we have 



T2>-4{l + hf)Y,{hubyri 



i>2 



where 



r- - c2 



k>2 ^ fc>2 

ky^i k^i 



-El ■ 



fc>2 



For k ^ i, denoting 



we have 



bub"' 



f3k = 

1 1 

~ 2' 



1 

bk 



Ch = 6, 



where 



Noticed that 



1 + a 



11 



+ (1 + a)biib 



5 l + a 
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we obtain 

r. = c? + ^/3.(^-5)2-fi + i + 5:A 



k>2 



k>2 
kjti 



k>2 '^'^ 
k^i 



k>2 
k+i 



k>2 
k^i 



k>2 ^'^ 



fe>2 



-1 



n+l+aV 9 1+a 



+ 4+ 2 



Obviously, 



fc>2 



hence 



^ ^ 1 1 (n + 1 + a)2 9 1 + a 
^ * - 4 /3, 4(n - 1) + 4 + 2 ' 



k>2 

kyti 

n-2 



1 



-a 



-a + 



n-3 1 



1 



4(n-l) n-1 2(n - 1) 2 2 



11 



Therefore, we have 
(3.22) 

hi 

T2 > * 



n-2 



-a + 



2n-6 



+ 2^1 6,, + 2a%ib^^ + 4a6,,6^^ ) (/i^ft")". 



11 



n — 1 n — 1 



Up to now, combine (j3.2ip and (j3.22p we obtain 



/i? / 1 9 4 



2n — 6 

-a - 2aibu ] (htib^'f + R{Ve^). 

n — 1 



For choice of p and /3, by p.l9p and ()3.23p we have for n > 2 



n 



+ 



2(n - 3) 



> mod Vgip. 

The proof of ()3.ip is completed. □ 
Now we state the following elementary calculus lemma which has appeared in |19j . 
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lemma 3.2. (See [19j; Lei A > 0, ^ G 6^ > and G M /or 2 < /c < n - 1. Define 
the quadratic polynomial 

2<k<n-l ^2<fc<n-l ^ 2<fe<r!,-l 



T/ien we have 



2 / 1 \ -1 / \ 2 



^ ^ ^fc AM + A ^ ^ 

2<fc<n-l ^ 2<fc<n-l " ^ ^2<k<n~l 

Now we give a remark on the Theorem ll.il 

Remark 3.1. In the proof of Theorem if we restrict to the case n = 2 and just set 
p = 0, then ()3.2p shows that 

bn,i = mod Ve(p. 
Applying this into the expression of L{ip) in (j3.17p will give 

L{ip) ={b'%i,tf - 2ht{b''fbn,t + {b'^fhl + (1 + h^ib^^f 



b^Xi,t - htb^' 



+ {b^^fhfi + {b^^f > mod Ve^p, 



and this means that for any point x £ rt,0 < t < 1, 

log K(x) > (1 — t) min log K + t min log K, 

which has been already proved by Longinetti in [17]. Also, by Remark we know that 
this is not the sharp estimates in the 2-dimensional case. 
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